We propose an extension of the hard-wall AdS/QCD model by including the Chern-Simons term required to reproduce the chiral anomaly of QCD. In the framework of this holographic model, we study the vertex function Fπγ * γ * (Q 2 1 , Q 2 2 ) which accumulates information about the coupling of the pion to two (in general virtual) photons. We calculate the slope of the form factor with one real and one slightly virtual photon and show that it is close to experimental findings. We analyze the formal limit of large virtualities and establish that predictions of the holographic model analytically (including nontrivial dependence on the ratio of photon virtualities) coincide with those of perturbative QCD calculated for the asymptotic form of the pion distribution amplitude. We also investigate the generalized VMD structure of Fπγ * γ * (Q 2 1 , Q 2 2 ) in the extended AdS/QCD model.
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I. INTRODUCTION
The form factor F γ * γ * π 0 (Q 2 1 , Q 2 2 ) describing the coupling of two (in general, virtual) photons with the lightest hadron, the pion, plays a special role in the studies of exclusive processes in quantum chromodynamics (QCD). When both photons are real, the form factor F γ * γ * π 0 (0, 0) determines the rate of the π 0 → γγ decay, and its value at this point is deeply related to the axial anomaly [1] . Because of this relation, the γ * γ * π 0 form factor was an object of intensive studies since the 60's [2] - [6] .
At large photon virtualities, its behavior was studied [7, 8, 9] within perturbative QCD (pQCD) factorization approach for exclusive processes [7, 10, 11] . Since only one hadron is involved, the γ * γ * π 0 form factor has the simplest structure for pQCD analysis, with the nonperturbative information about the pion accumulated in the pion distribution amplitude ϕ π (x) introduced in Refs. [12, 13] . Another simplification is that the short-distance amplitude for γ * γ * π 0 vertex is given, at the leading order, just by a single quark propagator. Theoretically, most clean situation is when both photon virtualities are large, but the experimental study of F γ * γ * π 0 (Q process is very difficult due to very small cross section. The leading-twist pQCD factorization, however, works even if one of the photons is real or almost real. Furthermore, this kinematics is amenable to experimental investigation through the γγ * → π 0 process at e + e − colliders. Comparison of the data obtained by CELLO [14] and CLEO [15] collaborations with the original leading [7, 8] and next-to-leading order [16, 17, 18, 19] pQCD predictions amended by later studies [20, 21] that incorporate a more thorough treatment of the real photon channel using the light-cone QCD sum rule ideas provided important information about the shape of the pion distribution amplitude ϕ π (x) (for the most recent review see [22] ). The momentum dependence of F γ * γ * π 0 (0, Q 2 ) form factor was also studied in various models of nonperturbative QCD dynamics (see, e.g., [23] - [37] and references therein).
In the present paper, our goal is to extend the holographic dual model of QCD to incorporate the anomalous F γ * γ * π 0 (Q 2 1 , Q 2 2 ) form factor. During the last few years applications of gauge/gravity duality [38] to hadronic physics attracted a lot of attention, and various holographic dual models of QCD were proposed in the literature (see, e.g., [39] - [59] ). These models were able to incorporate such essential properties of QCD as confinement and dynamical chiral symmetry breaking, and also to reproduce many of the static hadronic observables (decay constants, masses), with values rather close to the experimental ones.
As the basis for our extension, we follow the holographic approach of Refs. [43, 45] , and then intend to proceed along the lines of formalism outlined in our recent papers [60, 61] , where it was first applied to form factors and wave functions of vector mesons [60, 62] (tensor form factors of vector mesons were considered in [63] ) and later [61] to the pion electromagnetic form factor. However, a straightforward application of the approach of Refs. [43, 45, 60, 61] to F γ * γ * π 0 (Q 2 1 , Q 2 2 ) form factor gives a vanishing result. There are two obvious reasons for such an outcome.
First, the five-dimensional (5D) gauge fields B a (x, z) in the AdS/QCD lagrangian of Refs. [43, 45] are only dual to the 4D isovector currents J a (x). On the other hand, a nonzero result for the matrix element 0|J
2 ) form factor may be obtained only when the electromagnetic currents J µ EM , J ν EM have both isovector and isoscalar components, which is the case in two-flavor QCD, but not in the holographic models of Refs. [43, 45] .
Thus, we need an AdS/QCD model that includes gauge fields in the 5D bulk which are dual to both isovector and isoscalar currents. The natural way to do this is to extend the gauge group SU (2) L ⊗ SU (2) R in the bulk up to U (2) L ⊗ U (2) R . After explicit separation of the isosinglet and isovector parts, the new 5D field can be written as
, with ½ being the unity matrix. Thê B part is dual to 4D isosinglet vector current. Even after this modification, the AdS/QCD action gives zero result for the correlator 0|J and the axial current J A α (that has nonzero projection onto the pion state). To bring in the anomalous amplitude into the model, the next step (similar to [67] ) is to add a ChernSimons term [68] to the action. After these extensions, the calculation of the
2 ) form factor may be performed using the methods developed in Refs. [60, 61] .
The paper is organized in the following way. We start by recalling, in Section II, the basics of the hard-wall model, in particular, the form of the action given in Ref. [43] and our results [61] for the pion wave function. In Section III, we consider the generalization of the AdS/QCD model that includes isoscalar fields and Chern-Simons term. Using this extended model we describe the calculation of the
2 ) form factor and express it in terms of the pion wave function and two bulk-to-boundary propagators for the vector currents describing EM sources. In Section IV, we study the results obtained within the extended AdS/QCD model with one real and one slightly virtual photon and calculate the value of the Q 2 -slope of the form factor. We also discuss the formal limit of large photon virtualities, and compare these results to those obtained in pQCD. In Section V, we study the generalized VMD structure of the AdS/QCD model expression for the
2 ) form factor. Finally, we summarize the paper.
II. BASICS OF HARD-WALL MODEL
In the holographic model, QCD resonances correspond to Kaluza-Klein type excitations of the sliced AdS 5 space with the metric
where η µν = Diag (1, −1, −1, −1) and µ, ν = (0, 1, 2, 3), M, N = (0, 1, 2, 3, z). The basic prescription is that there is a correspondence between the 4D vector and axial-vector currents and 5D gauge fields V a µ (x, z) and A a µ (x, z). Furthermore, since the gauge invariance corresponding to the axial-vector current is spontaneously broken in the 5D background, the longitudinal component of the axial-vector field becomes physical and related to the pion field.
A. AdS/QCD action
The action of the holographic model of Ref. [43] can be written in the form
where
a /2, with σ a being Pauli matrices) and the function v(z) = (m q z + σz 3 ) containing the chiral symmetry breaking parameters m q and σ, with m q playing the role of the quark mass and σ that of the quark condensate.
In general, one can write A = A ⊥ + A , where A ⊥ and A are transverse and longitudinal components of the axial-vector field. The spontaneous symmetry breaking causes A to be physical and associated with the Goldstone boson, pion in this case. The longitudinal component is written in the form:
Then ψ a (x, z) corresponds to the pion field. This Higgslike mechanism breaks the axial-vector gauge invariance by bringing a z-dependent mass term in the A-part of the lagrangian. 
B. Vector channel
The vector bulk-to-boundary propagator
subject to boundary conditions ψ V n (0) = ∂ z ψ V n (z 0 ) = 0. The eigenfunctions of this equation give the "ψ" wave functions
for the relevant resonances. The coupling constants f n are determined from the ψ wave functions through
In Ref.
[60], we introduced "φ wave functions"
which give the couplings g 5 f n /M n as their values at the origin, just like the (L = 0) bound state wave functions in quantum mechanics. Moreover, these functions satisfy Dirichlet b.c. φ V n (z 0 ) = 0. Physically, the ψ V wave functions describe the vector bound states in terms of the vector potential V µ , while the φ V wave functions describe them in terms of the field-strength tensor ∂ z V µ = V zµ (we work in the axial gauge, where V z = 0).
An essential ingredient of form factor formulas is the vector bulk-to-boundary propagator J (Q, z) ≡ V(iQ, z) taken at a spacelike momentum p with p 2 = −Q 2 . It can be written in a closed form as
The function J (Q, z) satisfies the relations J (Q, 0) = 1, J (0, z) = 1 and ∂ z J (Q, z 0 ) = 0.
C. Pion channel
An important achievement of the hard-wall model of Ref. [43] is its compliance with the Gell-Mann-OakesRenner relation m 2 π ∼ m q that produces a massless pion in the m q = 0 limit. The fits of Ref. [43] give very small value m q ∼ 2 MeV for the "quark mass" parameter m q , so it makes sense to resort to the chiral m q = 0 limit, which has an additional advantage that solutions of equations of motion in this case can be found analytically. The pion wave function ψ(z) is introduced through the longitudinal part of the axial-vector field:
The bulk-to-boundary part π(z) of the π a (z) field, in the zeroth order of the of m 2 π expansion proposed in Ref [43] tends to −1. Then the equation for Ψ(z) ≡ ψ(z) − π(z) is exactly solvable, with the result
where α = g 5 σ/3 (one may use here Airy functions instead of I −1/3 (x), I 2/3 (x), cf. [64] ). The pion wave function Ψ(z) coincides with the axial-vector bulk-toboundary propagator A(0, z) taken at p 2 = 0. It is normalized by Ψ(0) = 1, satisfies Neumann boundary condition Ψ ′ (z 0 ) = 0 at the IR boundary and, due to the holographic correspondence, has the property that
For the neutral pion, it is convenient to define f π through the matrix element of the σ 3 projection of the axial-vector current
Then, the (experimental) numerical value of f π is 92. currents gives g 5 = 2π [43] . Analyzing pion EM form factor, one deals with charged pions, and the choice of the axial-vector current as J A,(c) µ [69] . Of course, the combination g 
2 behavior, remains intact:
where s 0 ≈ 0.67 GeV 2 . It is this convention-independent combination that enters Eq. (12) .
Again, it is convenient to introduce the conjugate wave function [61] :
. (15) It vanishes at the IR boundary z = z 0 , i.e., Φ(z 0 ) = 0 and, according to Eq. (12), is normalized as Φ(0) = 1 at the origin. From Φ(0) = 1, it follows that the pion decay constant can be written as a function
of the condensate parameter α and the confinement radius z 0 . Note that the magnitude of α is independent of the g 5 -convention, while the value of σ depends on the g 5 -convention used.
After fixing z 0 through the ρ-meson mass,
For these values, the argument a ≡ αz 3 0 of the modified Bessel functions in Eq. (16) equals 2.26 ≡ a 0 . Since I 2/3 (a)/I −2/3 (a) ≈ 1 for a 1, then
i.e., the value of f π is basically determined by α alone (the same observation was made in the pioneering paper [45] and in a recent paper [64] in which the pion channel was studied numerically).
In Fig. 1 , we illustrate the behavior of the pion wave functions Ψ and Φ representing them Ψ → ψ(ζ, a), Φ → ϕ(ζ, a) as functions of dimensionless variables ζ ≡ z/z 0 and a ≡ αz 
III. ANOMALOUS AMPLITUDE A. Isosinglet fields
The π 0 γ * γ * form factor is defined by
where p = q 1 + q 2 and q 
is related in QCD to the axial anomaly.
Since π 0 meson is described by the third component A the electromagnetic current is given by the sum
As a result, the matrix element
2 ) form factor via holographic correspondence, we consider the correlator of the axialvector current
and vector currents J
To proceed, we need to have isoscalar fields on the AdS side of the holographic correspondence. This is achieved by gauging
in Eq. (2) . Then the 4D currents correspond to the following 5D gauge fields
B. Chern-Simons term
The terms contained in the original AdS/QCD action (2) cannot produce a 3-point function accompanied by the Levi-Civita ǫ µναβ factor. However, such a contribution may be obtained by adding the Chern-Simons (CS) term. We follow Refs. [65, 66] in choosing the form of the O(B 3 ) part of the D = 5 CS action (the only one we need). In the axial gauge B z = 0, it is written as
where F is the field-strength generated by B and k should be an integer number adjusted to reproduce the QCD anomaly result.
Taking into account that B L,R = V ± A, and keeping only the longitudinal component of the axial-vector field A → A (that brings in the pion), for which F A µν = 0, we have
Representing A a σ = ∂ σ ψ a and integrating by parts gives
Note that the z-derivative of ψ a is proportional to the Φ-function of the pion (15) , which, as we argued in Refs. [60, 61, 69] , is the most direct analog of the quantum-mechanical bound state wave functions, i.e., it is the derivative ∂ z ψ a (z) rather than ψ a (z) itself that is an analog of the pion 4D field. Then, the first term in the square brackets in Eq. (28) has the structure similar to the πωρ interaction term
obtained in the hidden local symmetries approach [70] from the anomalous Wess-Zumino [71, 72] lagrangian (see also a review [73] ). Here g is the universal gauge coupling constant of that approach.
Integrating by parts over z, the second term of Eq. (28) can be also converted into a contribution of this form plus a z = z 0 surface term:
The latter can be eliminated by adding a compensating surface term into the original Chern-Simons action, so that the resulting anomalous part of the action in the extended AdS/QCD model
has the structure of Eq. (29).
C. Three-point function
The action (30) produces the 3-point function
Here, p is the momentum of the pion and q 1 , q 2 are the momenta of the photons.
where J (Q 1 , z), J (Q 2 , z) are the vector bulk-toboundary propagators (9) , and ψ(z) is the pion wave function (11) .
D. Conforming to QCD axial anomaly
For real photons, i.e., when
2 ) form factor in QCD (with massless quarks) is settled by the axial anomaly, which corresponds to K QCD (0, 0) = 1. Our goal is to build an AdS/QCD model for F πγ * γ * (Q 
On the IR boundary z = z 0 , the pion wave function Ψ(z) from Eq. (11) is
As we discussed above, experimental values of m ρ and f π correspond to a = 2.26, which gives Ψ(z 0 ) = 0.14. The magnitude of Ψ(z 0 ) rapidly decreases for larger a (e.g., Ψ(z 0 )| a=4 ≈ 0.02, see Fig. 1 ). Still, the value of Ψ(z 0 ) is nonzero at any finite value of a, and it is impossible to exactly reproduce the anomaly result by simply adjusting the integer number k. To conform to the QCD anomaly value K QCD (0, 0) = 1, we add a surface term compensating the Ψ(z 0 ) contribution in Eq. (34) and then take k = 2. To fix the form of the surface term, we note first that it should have the structure of a V V A 3-point function taken on the z = z 0 surface. Furthermore, using the derivatives J ′ z (Q i , z 0 ) of the bulk-toboundary propagators in this term is excluded, because J ′ z (Q i = 0, z 0 ) = 0 at the real photon point. On the other hand, J (Q i = 0, z 0 ) = 1, and our final model for
The extra term provides K(0, 0) = 1, and since
it rapidly decreases with the growth of Q 1 and/or Q 2 .
We will see later that in these regions the behavior of
) is determined by small-z region of integration. Thus, the effects of fixing the Ψ(z 0 ) = 0 artifact at the infrared boundary are wiped out in the "shortdistance" regime. 
which gives (for z 0 = z ρ 0 and a = a 0 = 2.26)
The predicted slope is very close to the value 1/m 2 ρ expected from a naive vector-meson dominance. Experimentally, the slope of the F πγ * γ * (0, Q 2 ) form factor for small timelike (negative) Q 2 is measured through the Dalitz decay π 0 → e + e − γ. In our notations, the usual representation of the results is
where m π is the experimental pion mass. Then the Q 2 -slope given by Eq. (39) corresponds to a π ≈ 0.031. This number is not very far from the central values of two last experiments, a π = 0.026 ± 0.024 ± 0.0048 [74] , a π = 0.025 ± 0.014 ± 0.026 [75] , but the experimental errors are rather large. An earlier experiment [76] produced a π = −0.11 ± 0.03 ± 0.08, a result whose central value has opposite sign and much larger absolute magnitude. In the spacelike region, the data are available only for the values Q 2 0.5 GeV 2 (CELLO [14] ) and Q 2 1.5 GeV 2 (CLEO [15] ) which cannot be treated as very small. The CELLO collaboration [14] gives the value a π = 0.0326 ± 0.0026 that is very close to our result. To settle the uncertainty of the timelike data (and also on its own grounds), it would be interesting to have data on the slope from the spacelike region of very small Q 2 , which may be obtained by modification of the PRIMEX experiment [77] at JLab.
B. Large virtualities
Our goal is to compare the predictions based on this formula with the leading-order perturbative QCD results. Note that the situation is different from that with the charged pion form factor, where the leading-power
corresponding to hard contribution is the O(α s ) correction to the soft contribution, for which AdS/QCD gives F
. In that situation, it makes no sense to discuss whether pQCD and AdS/QCD asymptotic predictions agree with each other numerically or not. In general, our AdS/QCD model contains no information about hard gluon exchanges of pQCD that produce the α s factors. However, the pQCD expression for the γ * γ * → π 0 form factor has zero order in α s , so now it makes sense to compare the leading-order pQCD predictions for this particular (in fact, exceptional) form factor with AdS/QCD calculations.
It is instructive to consider first two simple kinematic situations (Q
, and then analyze the general case.
One real photon
Form factor in the kinematics when the virtuality of one of the photons can be treated as zero Q 2 1 ≈ 0, while another Q 2 2 = Q 2 is large was studied experimentally by CELLO [14] and CLEO [15] collaborations.
In perturbative QCD, the K(0, Q 2 ) form factor at large Q 2 is obtained from the factorization formula
where T (Q 2 , x) is the amplitude of the hard subprocess γγ * →qq. The latter, modulo logarithms of Q 2 , has the 1/Q 2 behavior. In the lowest order, when
the purely 1/Q 2 outcome reflects the large-Q 2 behavior of the hard quark propagator connecting the photon vertices. A particular form of the pion distribution amplitude (DA) is irrelevant to the power of the large-Q 2 behavior of F (0, Q 2 ), as far as it provides a convergent x-integral in Eq. (43) . The latter requirement is fulfilled, e.g., if the pion distribution amplitude ϕ π (x) vanishes at the end-points (x = 0 or 1) as a positive power of x(1 − x). Whether it vanishes at x = 0 as x, x 2 or √ x does not matter -this would not affect the 1/Q 2 large-Q 2 behavior of the γγ * π 0 form factor in the lowest pQCD order. However, the shape of the pion distribution amplitude ϕ π (x) determines the value of the coefficient I ϕ that provides the normalization of the O(1/Q 2 ) term. For the asymptotic shape ϕ as π (x) = 6 x(1 − x), we have I ϕ as = 3 and K pQCD (as) (0, Q 2 ) = s 0 /Q 2 . Take now our extended AdS/QCD model for the K(0, Q 2 ) form factor. It gives
At first sight, this expression, though completely different analytically from the pQCD formula (42), has a general structure similar to it: the Q 2 -dependence is accumulated in the universal current factor J (Q, z), while the bound state dynamics is described by the Q 2 -independent wave function Φ(z). The obvious difference is that the bulk-toboundary propagator J (Q, z) does not have a power behavior at large Q 2 : it behaves in that region like e −Qz , coinciding in this limit with zQK 1 (zQ) ≡ K(Qz), the freefield version of the nonnormalizable mode. The power behavior in Q 2 appears only after integration of the exponentially decreasing function over z. As a result, only small values of z are important in the relevant integral, and the outcome is determined by the small-z behavior of the wave function Φ(z). As far as Φ(z) tends to a nonzero value Φ(0) when z → 0, the outcome is the 1/Q 2 behavior:
Just like in the case of the (charged) pion EM form factor [61] , the large-Q 2 behavior of K(0, Q 2 ) is determined by the value of the Φ(z) wave function at the origin. Note, that this value is fixed: Φ(0) = 1, which gives K(0, Q 2 ) = s 0 /Q 2 , the result that coincides with the leading-order prediction of pQCD for I ϕ = 3, the value that is obtained, e.g., if one takes the asymptotic pion DA ϕ as π (x) = 6x(1 − x). Experimentally, the leading-order pQCD prediction with I ϕ = 3 is somewhat above the data. However, the next-to-leading O(α s ) pQCD correction is negative, and decreases the result by about 15%, producing a satisfactory agreement. More elaborate fits [22] favor DAs that differ from the asymptotic one by higher Gegenbauer harmonics x(1−x)C n (2x−1) with n = 2 and n = 4. Still, for all the DAs obtained from these fits, the magnitude of the integral I ϕ is very close to the value I as = 3 given by the asymptotic DA (see Ref. [22] for details and references). Thus, the result of our calculation is in full agreement with the magnitude of the leading-order pQCD part of the NLO fits of existing experimental data.
Equal virtualities
Another interesting kinematics is when the photons have equal large virtualities,
In this case, the leading-order pQCD prediction
does not depend on the shape of the pion DA. In our extended AdS/QCD model, we obtain
Asymptotically, we have
which is the same result as in the leading-order pQCD.
General case
Finally, let us consider the general kinematics, when Q
The leading-order pQCD formula gives in this case
while Eq. (41) of our AdS/QCD model reduces, for large Q 2 , to
with the function I AdS (ω) given by
It is straightforward to check that I AdS (ω) coincides with the pQCD function I ϕ (ω) calculated for the asymptotic distribution amplitude ϕ as (x) = 6x(1 − x). Indeed, using the representation
we can easily integrate over χ in Eq. (50) to get
. (53) Changing variables u 2 = xλ, u 1 = (1 − x)λ and integrating over λ, we obtain
which coincides with the pQCD formula (46) if we take ϕ π (x) = 6 x(1 − x).
Note that the absolute normalization of the asymptotic behavior of K(Q 2 ) = 1 corresponding to the QCD anomaly result. As we have seen, this choice exactly reproduces also the leading-order pQCD result for the equal-virtualities form factor K(Q 2 , Q 2 ). The origin of this rather unexpected result needs further studies. Recall also that in pQCD the result for K(Q 2 , Q 2 ) is the same for any pion distribution amplitude, while the result for the unequalvirtualities form factor K((1 + ω)Q 2 , (1 − ω)Q 2 ) depends on the choice of the pion distribution amplitude. The fact that our AdS/QCD model gives the same result as the leading-order pQCD calculation performed for the asymptotic distribution amplitude, also deserves a further investigation. 4 . From small to large Q 2 Both K(0, Q 2 ) and K(Q 2 , Q 2 ) functions are equal to 1 at Q 2 = 0. For large Q 2 , the first one tends to s 0 /Q 2 and the second one to s 0 /3Q 2 . The question is how these functions interpolate between the regions of small and large Q 2 . Long ago, Brodsky and Lepage [8] proposed a simple monopole (BL) interpolation
between the Q 2 = 0 value and the large-Q 2 asymptotic prediction of perturbative QCD for K(0, Q 2 ). Later, this behavior was obtained within the "local quark-hadron duality" approach [27, 78] , in which K(0, Q 2 ) is obtained by integrating the spectral density ρ(s, 0,
2 of the 3-point function over the "pion duality interval" 0 s s 0 . The curve for Q 2 K(0, Q 2 ) based on Eq. (44) 
MeV) of CLEO data [15] . As we mentioned, an accurate fit to CLEO data [22] was obtained in the next-to-leading order (NLO) pQCD, with the leading order part of the NLO pQCD fit being very close to BL-interpolation curve, and hence, to our AdS/QCD result as well. 
in AdS/QCD model (solid curve, red online) and in local quark hadron duality model (coinciding with Brodsky-Lepage interpolation formula, dashed curve, blue online). The monopole fit of CLEO data is shown by dash-dotted curve (black online).
In the case of K(Q 2 , Q 2 ) function, our model predicts the slope 1.92/m 2 ρ ≈ 2.15/s 0 (twice the slope of K(0, Q 2 ), see Eq. (39)), while the local duality model gives [27] 
a curve which has the slope 2/s 0 at Q 2 = 0 :
However, higher terms of Q 2 expansion become important for Q 2 as small as 0. 
2 ) reaches its maximum value of 1.08 for Q 2 ∼ 0.3 GeV 2 , then slowly decreasing towards the limiting value of 1. For large Q 2 , the local duality model gives the same result
as our present model (48) and pQCD (46) . As a consequence, our present model produces a curve that is very close to the curve based on the local duality model, see 
V. BOUND-STATE DECOMPOSITION
The bulk-to-boundary propagator J (Q, z) may be written as a sum
2 ) also has a generalized vector meson dominance (GVMD) representation
where A n,k 's come from the first (surface) term in Eq. (36),
while B n,k 's are obtained from the second term and are given by the convolutions
Let us study the structure of the bound-state decomposition in two most interesting cases: for K(0, Q 2 ) and
A. One real photon
To study the bound-state decomposition of K(0, Q 2 ), we write the basic expression
and use GVMD representation (59) for J (Q, z). This gives
and B n 's coincide with the coefficients
for the expansion
of the pion wave function Ψ ′ (z) over the ψ V n (z)/z wave functions (8) of vector meson bound states. In particular,
This relation may be directly obtained from the formula
The bound state decomposition of K(0, 0) looks like There is a strong dominance of the lowest vector state, while each of the higher states is suppressed by more than factor of 10. The slow convergence of higher terms is due to A n terms proportional to Ψ(z 0 ) ≈ 0.14. For large n, one can approximate A n ≈ Ψ(z 0 )(−1) n 2/n. Integrating by parts in Eq. (66) gives a representation directly for the total coefficient
that is related to the expansion of the pion wave function Ψ(z) over the φ n -functions (8) of vector meson bound states:
Using it, one obtains again that K(0, 0) = Ψ(0) = 1. The slow convergence of higher terms in Eq. (70) is now explained by the necessity to reproduce the finite value of Ψ(z) at z = z 0 by functions vanishing at z = z 0 . The slope of K(0, Q 2 ) at Q 2 = 0 is given by the sum of (A n + B n )/M 2 n coefficients, which converges rather fast: 
and the contribution of the lowest state completely dominates the outcome. Each term of the GVMD expansion (64) behaves like 1/Q 2 at large Q 2 . In particular, the lowest-state contribution behaves like 0.95 m
The two scales are not so different, and one may be tempted to speculate that the large-Q 2 behavior of K(0, Q 2 ) also reflects the dominance of the lowest resonance. However, the coefficient of 1/Q 2 is formally given by the sum of (A n + B n )M 2 n terms, which does not show good convergence even after 7 terms are taken: 
A simple comment is in order now: within the AdS/QCD model [43] the ρ-meson mass is determined by the "confinement radius" z 0 , while the scale s 0 = 8π 2 f 2 π is basically determined by the chiral symmetry breaking parameter α (see Eq. (16) and preceding discussion). Calculationally, the coefficient s 0 of 1/Q 2 asymptotic behavior was determined solely by the magnitude of the pion wave function Ψ ′ (z)/z at the origin. Furthermore, it was legitimate to take the free-field form of the vector bulk-to-boundary propagator in our calculation, i.e., no information about vector channel mass scales was involved.
Moreover, one may write the bound-state decomposition for the J(Q, z 0 ) function. Again, each term of such a decomposition has 1/Q 2 asymptotic behavior, while J(Q, z 0 ) exponentially decreases for large Q. In fact, the formal sum n A n M 2 n in this case diverges like n (−1) n n 3/2 . Summarizing, the 1/Q 2 asymptotic behavior of
2 ) has nothing to do with the fact that the contribution of each particular bound state has 1/Q 2 behavior. If, instead of Φ(z), one would take a function with ∼ z ∆ behavior for small z, one would still be able to write the GVMD representation for such a version of K(0, Q 2 ), but its asymptotic behavior will be ∼ 1/Q 2+∆ .
B. Two deeply virtual photons
Each term of the bound-state decomposition (60) for K(Q 2 , Q 2 ) has 1/Q 4 behavior. Thus, in the case of strong dominance of a few lowest states, one would expect 1/Q 4 large-Q 2 behavior of this function. However, as we already obtained, the function
This result was a consequence of two features of the form factor integral (41) . The first is the fact that the bulk-to-boundary propagator J (Q, z) behaves like e −Qz for large Q. This is a very general property: in this limit J (Q, z) should coincide with its free-field version K(Qz) = zQK 1 (zQ). The second feature is that the pion wave function Φ(z) is finite at the origin, which follows from the basic formula (12) that defines f π .
Hence, to qualitatively understand the mechanism that produces 1/Q 2 result from the doubly-infinite sum of 1/Q 4 terms, one may consider a simpler "toy" model that also has these general properties, but allows to analytically calculate integrals that determine the coefficients in Eq. (60) . In particular, an explicit result for K(Q 
for the bulk-to-boundary propagators (with κ being the oscillator parameter and a = Q 2 /4κ 2 ) and
for the pion wave function. This model has the required properties, namely, J s (Q, z) approaches the free-field function K(Qz) for large Q 2 , while Φ(0) is finite. Calculating the integral
gives
where . However, taking a 1 = a 2 = a ≫ 1 gives
Thus, the conversion from the 1/Q 4 asymptotics of individual terms to the 1/Q 2 asymptotics of the sum is due to nondecreasing O(n 0 ) behavior of the coefficients accompanying n th term of the sum. In other words, transitions involving higher bound states are important, i.e., the pole decomposition is far from being dominated by a few lowest states.
C. Structure of two-channel pole decomposition
However, to make specific statements about the transitions, one should realize that Eq. (78) does not have the form of Eq. (60) . In particular, it is not a double sum, and having a sum over a single parameter implies that the summation parameters n and k in the double sum representation are correlated. A simple inspection of Eq. (78) shows that either k = n or k = n ± 1. Furthermore, the representation (78) 
for the bulk-to-boundary propagators. Then
(n + 1)(n + 2) (a 1 + n + 1)(a 1 + n + 2)(a 2 + n + 1)(a 2 + n + 2)
.
Now, each term of the sum decreases as 1/Q
2 , but the sum may be rewritten as
i.e., the coefficients B s n,k of the bound-state expansion (60) in this model are given by
(there is no need to add surface terms in this model since Ψ s (∞) = 0, and hence A s n,k = 0).
When Q 2 2 = 0, only the n = 1 term contributes, and K(Q 2 , 0) in this model is formally dominated by the lowest resonance:
This fact may create an impression that the π 0 → γγ decay in this model is dominated by the ρω intermediate state. However, the outcome that the sums of bracketed terms are zero for n ≥ 2 is a result of cancellation of the contribution of a diagonal transition that gives 2, and two off-diagonal transitions, each of which gives −1.
In fact, the coefficients B s n,n = 2 of diagonal transitions do not depend on n, and their total contribution into K s (Q 2 ) of each of k = n + 1 or k = n − 1 off-diagonal transitions also diverges. In such a situation, claiming the dominance of the lowest states contribution makes no sense.
In the hard-wall model, the diagonal coefficients B n,n decrease with n, and they are visibly larger than the neighboring off-diagonal ones (see Table I ). Thus, one may say that, for small Q is dominated by the lowest bound states (the coefficients A n,n also decrease with n, see Table II , asymptotically they behave like 2Ψ(z 0 )/n). However, the large-Q 
i.e., one should deal with the coefficients
the lowest of which are given in Tables III and IV . Again, the coefficients increase with n and k producing divergent series, just like in the toy soft-like model. Note, that asymptotically the sum of A-type terms gives a contribution exponentially decreasing with Q 1 and/or Q 2 , i.e., much faster than the ∼ 1/Q 4 asymptotic behavior of each particular transition. On the other hand, the sum of B-type terms gives a contribution that has ∼ 1/Q 2 asymptotic behavior, i.e., it drops slower than 1/Q 4 . The convergence situation may be different in the realworld QCD, in which higher resonances are broad, with the width increasing with n (or k). Then the diagonal and neighboring non-diagonal transitions strongly overlap for large n and may essentially cancel each other.
VI. SUMMARY
At the end of the pioneering paper [43] , it was indicated that one of the future developments of the holographic models would be an incorporation of the 5D ChernSimons term to reproduce the chiral anomaly of QCD. However, only relatively recently Ref. [67] discussed a holographic model of QCD that includes Chern-Simons term (see also [79] ) and, furthermore, extends the gauged SU (2) L ⊗ SU (2) R flavor group to U (2) L ⊗ U (2) R .
In the present paper, we develop an extension of the AdS/QCD model, similar in form to that proposed in [67] , but adjusted to study the anomalous coupling of the neutral pion to two (in general, virtual) photons. The additional part of the gauge field in the 5D bulk is associated with the isoscalar vector current (related to ω-like mesons). The Chern-Simons term allows to reproduce the tensor structure of the anomalous form factor F γ * γ * π 0 (Q 2 1 , Q 2 2 ). To exactly reproduce the QCD anomaly result for real photons, we added contributions localized at the IR boundary z = z 0 , and then studied the momentum dependence of the F γ * γ * π 0 (Q 2 1 , Q 2 2 ) form factor in our model.
In particular, we calculated the slope of the form factor with one real and one slightly off-shell photon. Our result a π ≈ 0.031 for the parameter of the usual F γ * γ * π 0 (0, Q 2 ) = F γ * γ * π 0 (0, 0)(1 − a π Q 2 /m 2 π ) low-Q 2 experimental representation of the data is very close to the value a π = 0.0326 ± 0.0026 obtained by CELLO collaboration [14] from spacelike Q 2 measurements, and rather close to the central values a π ∼ 0.024 of two most recent experiments [74, 75] for timelike Q 2 .
Although the holographic model is expected to work for low energies, where QCD is in the strong coupling regime, we found it interesting to investigate the behavior of the model form factor also in the regions where at least one of the photon virtualities is large. For the case with one real and one highly virtual photon, we demonstrated that our AdS/QCD result is in full agreement with the magnitude of the leading-order part of the nextto-leading-order pQCD fits of existing experimental data. In the kinematics when both photons have equal and large virtualities we obtained the same result as in the leading-order pQCD. Finally, we considered the general case of unequal and large photon virtualities. In this case, the form factor has a nontrivial dependence on the ratio Q 2 ) in our model is fixed by adjusting its value to K(0, 0) = 1 at the real photon point, which allows to conform to the QCD axial anomaly. The outcome that this choice exactly reproduces the leadingorder pQCD result for the equal-virtualities form factor K(Q 2 , Q 2 ) needs further studies, as well as our result that the ω-dependence of the unequal-virtualities form factor K((1 + ω)Q 2 , (1 − ω)Q 2 ) coincides with the leading-order pQCD result derived by assuming the asymptotic shape for the pion distribution amplitude.
The bulk-to-boundary propagators entering into AdS/QCD formulas for form factors have a generalized vector-meson-dominance (GVMD) decomposition. As a result, the form factors also can be written in GVMD form. We studied the interplay between the GVMD decomposition of form factors and their behavior for large photon virtualities. In the case of one real photon, the function K(0, Q 2 ) asymptotically behaves like 1/Q 2 . However, we demonstrated that this behavior has nothing to do with the fact that each term of the GVMD expansion for K(0, Q 2 ) also behaves like 1/Q 2 for large Q 2 . In fact, a formal GVMD expression for the coefficient of the 1/Q 2 term diverges. When both photons are highly virtual, each term of the GVMD expansion for K(Q 2 , Q 2 ) behaves like 1/Q 4 , while K(Q 2 , Q 2 ) has 1/Q 2 asymptotic behavior. Thus, we observe that only in the region of small photon virtualities it makes sense to talk about dominating role of the lowest states. In particular, for real photons, when Q 2 1 = Q 2 2 = 0, the lowest ("ρ ω π") transition amplitude contributes 1.15 into the K(0, 0) = 1 value, the excess being primarily cancelled by the neighboring non-diagonal transitions.
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